Abstract: Cooperative braking with regenerative braking and mechanical braking plays an important role in electric vehicles for energy-saving control. Based on the parallel and the series cooperative braking models, a combined model with a predictive control strategy to get a better cooperative braking performance is presented. The balance problem between the maximum regenerative energy recovery efficiency and the optimum braking stability is solved through an off-line process optimization stream with the collaborative optimization algorithm (CO). To carry out the process optimization stream, the optimal Latin hypercube design (Opt LHD) is presented to discrete the continuous design space. To solve the poor real-time problem of the optimization, a high-precision predictive model based on the off-line optimization data of the combined model is built, and a predictive control strategy is proposed and verified through simulation. The simulation results demonstrate that the predictive control strategy and the combined model are reasonable and effective.
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Introduction
Oil crises have made energy a hot topic of discussion. Transportation consumes a large proportion of energy, and the application of electric vehicles (EVs) has become a global strategy for saving energy and using sustainable energy [1] [2] [3] . In order to improve the energy efficiency further, regenerative braking and mechanical braking cooperative systems are widely used in EVs. The regenerative electric energy can be stored in electric buffers, i.e., batteries or capacitors and then in return power the vehicle [4] . The cooperative braking system can be classified into series and parallel types [5] . The series type can simultaneously coordinate regenerative and hydraulic brakes, and give better cooperative braking performance, but the whole braking system should be redeveloped. As the parallel type doesn't intervene in the hydraulic brakes, and the regenerative braking directly enforces the hydraulic braking, only a little development work is needed to meet the requirements, but the total braking force will possibly be greater than the total required braking force, to maintain the braking stability, the regenerative energy recovery efficiency may be greatly limited [6] . It is worthy to research and find a solution to maximize the regenerative energy efficiency with not much development work needed.
In the field of cooperative braking control, two kinds of braking scenarios are commonly studied. One is the emergency braking process, in which an integrated anti-lock braking system (ABS) with a motor regenerative braking is widely used [7] [8] [9] . The other is the normal deceleration process, with the aim of improving the regeneration energy efficiency and the coordinated control between the motor regenerative braking and the hydraulic brakes [10] . The control strategies for this case can be divided into two kinds: i.e., the logic-threshold strategy and the ideal braking force distribution control strategy. For logic-threshold strategy, the control thresholds are usually determined after considering the maximum rechargeable capacity, tire-road friction condition, braking stability limitation and required braking severity and so on. For the braking stability is usually considered as a constraint, it is difficult to simultaneously maintain the braking stability and the optimum regenerative energy recovery efficiency [11] [12] [13] [14] [15] [16] [17] [18] [19] . For the ideal braking force distribution control strategy, the braking force follows the ideal braking force distribution curve (I curve), which makes the vehicle realize a better braking performance. The basic control principle can be expressed as follows: if the motor regenerative braking force meets the control strategy, the total braking force is provided only by the motor regenerative braking force; otherwise, the total braking force will be provided by motor regenerative braking and hydraulic brakes simultaneously. With respect to the series type, it can offer good cooperative braking performance. However, with respect to the parallel type, due to its over-reliance on the I curve, the regenerative energy recovery efficiency may be greatly limited [20] [21] [22] .
In this paper, we only focus on the normal deceleration process. A combined cooperative braking model is proposed. With respect to the control strategy, differing from the tradition strategies, firstly two disciplines of the maximum regenerative energy recovery efficiency and the optimum braking stability are defined and an off-line optimization data is obtained by an off-line optimization stream. Then based on the off-line optimization data, a predictive model by Kriging method is obtained. Finally, a predictive control strategy is presented to solve the poor real-time problem of optimization, and the predictive control strategy is verified in a dynamic simulation.
Cooperative Braking System in an EV
As shown in Figure 1 , the EV powertrain is a four-wheel drive system with two motors and a two-speed mechanical coupler. 
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During cooperative braking, the two motors and the hydraulic brakes provide braking forces simultaneously to the front and rear axles. In our study, it's assumed that the road is a dry pavement that is able to provide enough adhesive force. Since only the normal deceleration process is studied, the braking severity is controlled within the range from 0 to 0.4 [23] . Additionally, due to the speed ration restriction of the two-speed mechanical coupler which is 1.442, the lowest vehicle speed for cooperative braking is limited to 20 km/h.
Cooperative Braking Mathematic Models
A force analysis scheme on the wheels is shown in Figure 2 , based on which three general cooperative braking mathematic models can be obtained. 
General Cooperative Braking Mathematic Models

The Series Model
The series model should ensure that the total output braking torques equal to the required braking torque, which can be expressed as follows:
where T rm can be expressed as T rm = mgr w z and it is a known variable under a given z. The braking force distribution coefficient is defined as the coefficient of the braking force of the front wheels divided by the whole braking force, which can be expressed by braking torques: 
The total regenerative braking torque will be provided by the two motors, and the two motors should coordinate themselves to meet the optimization requirements: where η is defined from 0 to 1.
Combining Equations (1)- (5) gives: 
The parallel model needn't to coordinate the motors and the hydraulic brakes, and the hydraulic braking torques always follows the required braking torque. Therefore, Equation (1) can be rewritten as follows:
No coordination between hydraulic brakes and the hydraulic braking torques should be based on the performance value of the proportional valve which is a constant value when braking severity lower than 0.4:
Other equations will be the same as the series model. Combining Equations (2)- (4), (7) and (8), we can get: 
Reallocating the required braking severity between motors and hydraulic brakes by a secondary allocation coefficient is the basic principle of the combined model. Most noteworthy is that the current parallel braking system doesn't need reforming considerably. The hydraulic braking torques are still in accordance with the performance of the proportional valve, the only difference is that its assigned braking severity is a part of the whole braking severity, and the other braking severity will be allocated to the motors.
Equations (1)- (4) in the series model and Equation (8) in the parallel model will be used to make up a combined model. Then T m , T m1 , T m2 , T hf and T hr can be realized as follows:
(1 ) 
The secondary allocation coefficient is defined as the ratio of the required braking torque divided by the total regenerative braking torque:
Optimization Cooperative Braking Mathematic Models
The Ideal Regenerative Energy Recovery Efficiency Objective
Generally, the regenerative energy recovery capability is limited by the battery and the motors simultaneously. Additionally, the efficiency of the battery and the motors also considerably affects the regenerative energy recovery efficiency. Regenerative energy recovery strategy should consider the both factors. In this study, the regenerative braking capacity is described by braking torque. The ideal regenerative braking torque is defined as follows:
where T mot_generation and T bat_charge can be obtained by Equations (13) and (14), respectively:
where f T (n) can be obtained by the relationship table of n vs. f T (n) through interpolation method; f efficient (n,f T (n)) can be obtained by the relationship table of n, f T (n) vs. f efficient (n,f T (n)) through interpolation method; and f T (SoC,n) can be obtained by Equation (15) which is shown below. The charging current of battery can be deduced by Equation (16):
where E SoC can be obtained by the relationship curve of SoC vs. E SoC through the interpolation method; and R can be obtained by the relationship of SoC vs. R through the interpolation method.
The Ideal Braking Stability Objective
Generally, if the adhesion rates between front and rear wheels are equal in every braking severity, the vehicle will make the maximum utilization of adhesion coefficient, and the optimum braking stability will also be reached [20] . Based on the force analysis scheme in Figure 2 and reference [23] , the ideal braking force distribution condition can be expressed as follows:
According to the definition of μ f and μ r , we can get:
Substituting Equation (18) into Equation (17), an equilibrium equation can be obtained as follows:
To get the expression of β, Equation (19) can be realized as follows:
Then, we can get:
According to the braking theory, F z1 and F z2 can be expressed as follows:
Substituting Equation (22) into Equation (21), the ideal braking force distribution value which is also the optimum braking stability objective value can be realized as follows:
With regard to I curve, it can be plotted by z as the horizontal axis and β opt as the vertical axis.
Boundary Conditions
Regenerative Braking Stability Scope Constraints
Generally, the adhesion rate of the front wheels being bigger than or equal to the rear wheels is the precondition for the braking stability [23] . Therefore, the braking stability condition can be expressed by Inequality Equation (24):
Additionally, the braking regulations also should be followed. In this paper, the braking regulation of the ZBT 24007-1989 can be expressed as follows: 
Based on Inequality Equation (24) and Inequality Equation (25) , the braking stability scope can be plotted in Figure 3, where a, b, c, d and e are the limit curves of the ZBT 24007-1989; and I is the ideal braking force distribution curve which is also the lower limit curve of the braking stability. The shadow scope is the ultimate braking stability scope. In off-line optimization and dynamic simulation, the lower bound is denoted by β-lower, and the upper bound is denoted by β-upper in this paper. Additionally, the vehicle is equipped with a proportional valve, for the combined model and the parallel model, during cooperative braking decelerate, the hydraulic brakes will follow the performance of the proportional valve in Figure 4 . 
Based on the Inequalities Equation (26) and the braking stability scope which is shown in Figure 3 
Generally, the nearer β is to the β opt , the better braking stability will be. Therefore, Case1 is the best choice for each model in optimization.
Other Constraints
(1) The total regenerative braking torque should be lower than the ideal regenerative braking torque which means: T m ≤ T opt . (2) For each motor, the regenerative braking torque should be lower than the maximum braking torque of each motor under a given motor speed, which means: T m1 ≤ T out1 and T m2 ≤ T out2 . (3) The total braking torque of the wheels should be lower than the maximum road braking torque: 
Two Disciplines of the Cooperative Braking System
To optimize the cooperative braking performance, two disciplines are established as follows:
where Equation (28) is the maximum regenerative energy recovery efficiency discipline; and Equation (29) is the optimum braking stability discipline.
Collaborative Optimization Algorithm
Two disciplines have the same variable β according to Equations (28) and (29) and the expression of T m . If β changes, two disciplines will change simultaneously, whether they will reach an optimum state at the same time is a key point in this study. In addition, complicated constraints are introduced in the optimization. Collaborative optimization algorithm (CO), of which the basic theory refers to [24] , has a greater advantage to solve them. Figure 5 shows the collaborative optimization algorithm of the cooperative braking system, where z 1 , z 2 and z 3 are the system variables and denote the discipline variable α, β and η, respectively. To carry out the collaborative optimization algorithm, adaptive simulated annealing (ASA) is adopted in this study. ASA was put forward by Ingber [25] in 1992, and has the advantages of quick convergence speed, low requirements for initial conditions, and better identification of local optimal solutions, etc. 
Off-Line Process Optimization Design
Discrete Design Space
Generally, the vehicle speed v, the battery SoC and the braking severity z constitute the input design space of the cooperative braking system, and the vehicle can be broken at any design point. Therefore, the input design space is a continuous space. To carry out an off-line optimization stream, and set up a predictive model, the continuous space should be discretized. In this paper, the optimal Latin hypercube design (Opt LHD) is reasonable for it, which has better space-filling performance and better uniform than other designs of experiment. The continuous space is defined as follows: 
The discrete sample points are listed in Table 1 . 
Off-Line Process Optimization Stream
As shown in Figure 6 , the input parameter calculating module can calculate the parameters of β opt , T opt , T out1 , T out2 , β-lower, β-upper and T rm according to the DOE sample points in Table 1 . Then the parameters are passed to the collaborative optimization module to carry out a collaborative optimization analysis. Finally, all the optimum results are stored in the optimal result database to make a predictive model. Figure 7 shows the braking force distribution coefficient (β) of the three models, and three conclusions can be obtained from this figure. Firstly, for every model, β always falls into the braking stability scope. Secondly, β is close to β-lower (β opt ), which means that all the models can make a perfect braking stability. Thirdly, since some optimization results offset the β opt largely for the series model, the combined model and the parallel model have a better braking force distribution. To evaluate the regenerative energy recovery efficiency of the three models, an evaluation parameter ε is defined as follows:
Optimization Results and Discussion
(30) Figure 8 shows the evaluation parameter ε in every sampling point of the three models. Generally speaking, the smaller ε is, the nearer T m will be to T opt and the better braking performance will be. In this perspective, the parallel model has a better performance, and the combined model takes a second place, while the series model makes the worst performance. Based on this, the parallel model is seemingly the best model, but a problem needs to be noticed that the regenerative energy recovery efficiency of it is based on an extra required braking force. Although it can ideally follow the ideal regenerative braking torque point, a braking instability problem may emerge. Therefore, taking into account the braking stability, the combined model and the series model may be better than the parallel model. Given the above analysis, the combined model not only has a better braking stability, but also can maximize the regenerative braking energy recovery efficiency compared to other models. Thus the combined model has a considerable application value.
Predictive Control Model and Dynamic Simulation Results
Predictive Control Model
To carry out a dynamic simulation, a predictive model, which is established by the optimal result database, is proposed. The predictive model is also called the Kriging approximation model. It is a type of the interpolation technique, of which the basic theory was presented in reference [26] . The predictive model can be built through MATLAB. The accuracy of the predictive model is evaluated by the multiple correlation coefficient (R 2 ). In this study, the R 2 of α and γ are 0.95939 and 0.98778, respectively.
To better evaluate the effectiveness of the predictive model, a relative error analysis is also carried out between the predictive values and the off-line optimization values. Define:
It can be seen in Figure 9 , with respect to μ, 14 sampling points are beyond the expected error by 5%, and the maximum value is 20.17%. In braking process, the predictive error of them may cause unexpected results, which is not permitted. On the contrary, for τ, it has fairly high prediction accuracy and all of the relative errors of the sampling points fall into the expected error scope. Substituting the predictive model into Equation (10), a predictive control model can be obtained. Additionally, two additional conditions are also defined in the predictive control model to ensure braking safety. The additional conditions are defined as follows:
Condition 1: if β is lower than β opt , which means the vehicle falls into the instability scope, then the motors will be cut off, and the whole braking torque will be offered only by hydraulic brakes.
Condition 2: if β is bigger than β opt , which means the vehicle falls into the stability scope, yet for all that, any T m1 or T m2 may be bigger than the maximum motor braking torque, so the other additional condition should be considered. It can be described as follows: when T m1 > T out1 and T m2 > T out2 , make T m2 = T out2 , then, β may be bigger than the current value according to Equation (2) , and the vehicle will still be broken safely based on the braking stability scope (Figure 3) , however, the regenerative braking energy recovery efficiency may be limited; when T m1 > T out1 ; T m2 ≤ T out2 or T m1 > T out1 ; T m2 > T out2 , if make T m1 = T out1 , β may be lower than the current value, and the vehicle may be broken unsafely, in which case, the vehicle will be broken according to Condition 1:
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Dynamic Simulation Results
To verify the predictive control strategy, a dynamic simulation model of the vehicle is set up in MATLAB/Simulink soft. Three simple braking processes are defined in Figures 10-14 , where t0 is the sum of the reaction time, the brake harmony time and the half of the braking force rise time; t1, t2 and t3 denote three braking processes, respectively. Additionally, the initial vehicle speed is 84 km/h. To better evaluate the reliability of the predictive control strategy, three cases are also defined as follows: As shown in Figure 10 , for the three cases, since the braking severity z is 0, during the braking time of t0, SoC will remain unchanged. During the braking time of t1, t2 and t3, SoC will increase linearly. Additionally, comparing the parameter of ζ in the three cases, the smaller the initial SoC is, the bigger ζ will be. The reason can be interpreted as follows: according to the charging performance of the battery, the lower SoC is, the more required charging torque will be, so when cooperative braking, more braking torque will be offered by motors and the increased SoC for the Case (1) will be bigger than other cases.
The simulation results of v in the three cases are shown in Figure 11 . For any case, during the braking time of t0, due to the braking severity z is 0, v will remain unchanged. During the braking time of t1, v will slow down linearly. During the braking time of t2, v continues slowing down. Since the braking severity z is bigger than the braking time of t0, the slow-down slope is bigger than the braking time of t1. Similarly, during the braking time of t3, the slow-down tendency is the same as the above two cases, the only difference is that, the slow-down slope is the biggest. Additionally, comparing the three cases, it can be seen that, during the braking time of t2 and t3, the slow-down tendencies of the three cases are different, which are caused by the predictive control model. For some cases, the predictive error may be bigger than the excepted values, and then the additional conditions may be carried out. Therefore, T rm will be limited and the slow-down slope will be different for the three cases. As shown in Figure 12 , for each case, during the braking times of t1, t2 and t3, β is always close to β-lower, and falls into the braking stability scope. It means that the vehicle can maintain a better braking stability during braking deceleration. Figure 13 shows the changing trends of α and γ in the three cases. Figure 14 shows the changing trends of T m1 , T m2 , T hf and T hr . Just as shown in Figure 13 , during the braking time of t0, theoretically speaking, α and γ should be 0, however, the simulation results are just the opposite, and the reason can be explained that the braking severity predictive scope of the predictive model has been limited from 0.01 to 0.4, beyond this scope, the predictive value is unbelievable, nevertheless, owing to the T rm expression, which is the first and foremost condition for the predictive model, the predictive values of T m1 , T m2 , T hf and T hr are 0 ( Figure 13 ) which are meet the predictive requirement. During the braking time of t1, t2 and t3, α will coordinate the two motors, and γ will also works which can reallocate the whole braking severity z. For the three cases, the bigger SoC is, the smaller α and γ will be. With respect to α, it means that the bigger SoC is, the smaller T m1 will be and more regenerative braking torque will be allocated to Motor 2.With regard to γ, it means that the bigger SoC, the smaller braking severity z will be allocated to the motors. Additionally, The values of α and γ control the output braking torques of T m1 , T m2 , T hf and T hr which are shown in Figure 14 . 
Conclusions
A combined cooperative braking model with a predictive control strategy is proposed. The main concluding remarks are listed as follows:
(1) A combined cooperative braking model was built and was evaluated by simulations. Compared to other models, the combined model is more reasonable for the cooperative braking system, which can provide a better braking stability under the condition that no additional braking torque is required for the braking system. (2) To get a tradeoff between the maximum regenerative energy recovery efficiency and the optimum braking stability, a CO is applied for the cooperative braking system. (3) To solve the poor real-time problem of the optimization, a high-precision predictive model based on the off-line optimization data of the combined model is built, and a predictive control strategy is proposed and verified through simulation. It can be seen that the predictive model can solve the poor real-time performance of the optimization. In addition, due to the predictive model is deduced by the off-line optimization results through the Kriging approximation method, it performs well with a good predictive precision for the cooperative braking system. (4) To avoid the possible conditions that the vehicle falls into a dangerous state in some cases due to the predictive precision of the predictive model, two additional conditions are provided to ensure braking safety, as a sacrifice, the cooperative braking performance will be limited.
To ensure the cooperative braking performance, a reliable prediction model for normal deceleration process and a control strategy for emergency braking process are vital to the cooperative braking system. Therefore, in our future work, considering the prediction errors, an uncertainty prediction model based on an uncertainty optimization results will be studied. Additionally, considering the braking safety problem in emergency braking process, a control strategy which is based on sliding mode control strategy and the combined model will also be researched.
